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Introduction. -In recent years, growing attention has been devoted to the investigation of entanglement in the context of quantum field theory and elementary particle physics [1] [2] [3] . Indeed, understanding the nature of nonlocal quantum correlations in infinite-dimensional systems of fields and particles and their physical consequences poses some subtle conceptual and technical questions.
The proper characterization and quantification of entanglement are achieved unambiguously only by properly taking into account the algebra of observables besides the tensor product structure of the individual state spaces. In the case of quantum fields, this framework must be extended further by considering correlations among distinguishable physical field modes rather than among indistinguishable particles and excitations [4] [5] [6] [7] [8] [9] [10] [11] . For instance, the singleparticle Bell superposition state |0, 1 + |1, 0 between any two modes of the electromagnetic field is a paramount instance of a maximally (bipartite) entangled quantum state [10] . In this case the entanglement is between two different field modes with occupation numbers ranging between 0 and 1. Considering single-particle or multi-particle (e.g., multi-photon) states of many modes leads to straightforward generalizations that allow to consider the bipartite and multipartite multi-mode field entanglement of singleparticle and multi-particle states. Among the most spectacular instances of single-particle, multi-mode entanglement, the one associated to particle mixing and flavor oscillations is remarkably outstanding [2, 3] . Specifically, by considering the physically relevant cases of two-and threeflavor neutrino oscillations, it has been shown that the flavor transition probabilities are simple functions of multimode, single-particle entanglement [3] . This observation has concrete operational consequences in that it allows in principle to design experimental schemes for the transfer of the quantum information encoded in neutrino states to spatially delocalized two-flavor charged lepton states [2, 3] . Thus, entangled states of oscillating neutrinos appears to be legitimate physical resources for quantum information tasks. Moreover, the detection of nonlocal quantum correlations in the form of bipartite and multipartite entanglement would provide a decisive test ground for confirming or disproving the quantum nature of fundamental physical phenomena such as particle mixing and flavor oscillations.
By exploiting essential tools of entanglement theory, in the present work we aim at quantifying the content of multi-mode flavor entanglement in systems of oscillating neutrinos. In the course, we will broadly generalize and extend the analysis carried out previously in a simplified, p-1 purely quantum-mechanical setting to the framework of Quantum Field Theory (QFT), and we will develop a fully quantum-field theoretical treatment. Flavor states of mixed particles have been extensively discussed and a proper QFT framework for their description has already been worked out successfully since some years [12] [13] [14] . Within such a QFT framework, we show that the phenomena of flavor oscillations exhibit a richer structure of quantum correlations with respect to the corresponding quantum mechanical (QM) case previously studied [3] . Indeed, while in QM, flavor neutrino states are singleparticle states possessing multi-mode flavor entanglement, in QFT neutrino states are multi-mode flavor-entangled multi-particle states, as the presence of anti-neutrino particle species provides further degrees of freedom to the oscillating neutrino system.
It is important to remark that entanglement is an observable-induced, relative physical quantity [6, 7] , possessing a specific operational meaning according to the reference quantum observables that are singled out in each physical situation, and to the quantum subsystems selected as suitable parties in the partition (bipartite or multipartite) of a physical system. By assuming the particleantiparticle species as further quantum modes, we investigate the entanglement content of the neutrino system in the instance of multi-particle flavor-species entanglement associated with flavor oscillations. We find that the entanglement quantified via entropic measures is directly related to experimentally measurable quantities, the variances of the lepton numbers and charges.
The paper is organized as follows: we first review the quantum information tools exploited in the paper and the main results previously achieved in the simplified QM framework. We then investigate the entanglement phenomenology of neutrino mixing and flavor oscillations adopting a fully QFT framework, and we discuss the novel, nontrivial structure of flavor entanglement that emerges in the QFT framework. Finally, we discuss briefly possible outlooks on future research.
Entanglement and particle mixing: Quantum Mechanics. -In this section we briefly review the results obtained within the quantum mechanical framework [2, 3] . In the two flavor case, neutrino mixing is described by the 2 × 2 rotation matrix U(θ):
where θ is the mixing angle. The two-flavor neutrino states are defined as
where |ν (f ) = (|ν e , |ν µ ) T are the states with definite flavors e, µ and |ν (m) = (|ν 1 , |ν 2 ) T those with definite masses m 1 , m 2 . Both |ν α (α = e, µ) and |ν j (j = 1, 2) are orthonormal. By describing the free propagation of the neutrino mass eigenstates with plane waves of the form |ν j (t) = e −iωj t |ν j , ω j denoting the frequency associated with the mass eigenstate |ν j , the time evolution of the flavor states is given by
where |ν (f ) are the flavor states at t = 0, and U 0 (t) = diag(e −iω1t , e −iω2t ). At time t the average neutrino number of the state |ν α (t) in the mode a is:
By assuming the neutrino occupation number associated with a given mass or flavor (mode) as reference quantum number, one can establish the following correspondences with two-qubit states:
where |j να stands for a j-occupation number state of a neutrino in mode α. Entanglement is thus established among mass or flavor modes, in a single-particle setting. For instance, the free evolution of the electron-neutrino state |ν e (t) can be written in the alternative forms:
where |U ee (t)| 2 + |U eµ (t)| 2 = 1. Thus, the states |ν (f ) (t) can be seen as entangled Bell-like superpositions of the mass eigenstates with time-independent coefficients or of the flavor eigenstates with time-dependent coefficients. The entanglement present in the pure two-qubit states, Eq. (7) and Eq. (8), is quantified by the von Neumann entropy of the reduced density matrix, or by any other monotonic function of it, as the linear entropy [15] . Indeed, such a measure can be suitably exploited to construct measures of multipartite entanglement in multipartite states [16] [17] [18] , and global measures encompassing both bipartite and multipartite contributions [19] [20] [21] [22] [23] . For example, the global entanglement is associated to the set of linear entropies associated to all possible bi-partitions of the whole system. We briefly review the definition of the global entanglement, which will be used in this work. Let ρ = |ψ ψ| be the density operator corresponding to a pure state |ψ , describing the system S partitioned into N parties. We consider the bipartition of the N -partite system S in two subsystems S An , constituted by n parties (1 ≤ n < N ), and S BN−n , constituted by the remaining N − n parties. Let ρ An ≡ T r BN−n [ρ] denote the reduced density matrix of subsystem S An after tracing over subsystem S BN−n . The linear entropy associated to such a bipartition is defined as
p-2 where the d is the Hilbert-space dimension given
n , 2 N −n }. The corresponding average linear entropy writes:
where the sum is intended over all the possible bipartitions of the system in two subsystems, respectively with n and N − n elements (1 ≤ n < N ) [22] . The linear entropies Eq. (9) can be easily computed for the two-qubit Bell state |ν e (t) , i.e. Eq. (8), with density matrix ρ e = |ν e (t) ν e (t)|. The linear entropies S
(ρ e ) associated to the reduced state after tracing over one mode (mass) writes:
which, by fixing θ at the experimental value sin 2 θ = 0.314, takes the specific value S (ν1;ν2) L,e ≃ 0.861. The linear en-
(ρ e ) associated to the reduced state after tracing over one mode (flavor) writes:
(Here and in the following we often omit time dependence for simplicity.) Thus the linear entropy is strictly related to the average neutrino flavor numbers Eq. (4). In Fig. 1 we show the behavior of S (νe;νµ) L,e as functions of the scaled, dimensionless time τ = (ω 2 − ω 1 )t; we also report the neutrino flavor-numbers N e e and N µ e . As expected, the entanglement among mass modes, i.e. S (ν1;ν2) L,e , remains constant during the free propagation. On the contrary, as regards the entanglement among flavor modes, i.e. S (νe;νµ) L,e , at time τ = 0, the two flavors are not mixed, the entanglement is zero, and the global state of the system is factorized. For τ > 0, flavor oscillations occur, and the linear entropy exhibits a typical oscillatory behavior; the entanglement is maximal at largest mixing, that is N e e = N µ e = 0.5. We find that the linear entropies S L,e . (13) Remarkably, the above relation represents a direct experimental connection between entanglement and fundamental physical quantities in the physics of elementary particles. This observation remains true and is further strengthened when one moves to the QFT setting, as we do in the following Section. It is worth noticing that the above results are in complete agreement with the definitions of entanglement in terms of quantum uncertainties of physical observables as proposed in Refs. [24] .
Entanglement and particle mixing: Quantum Field Theory. -In order to present a generalization of the above analysis to the QFT framework, we recall the essential features of a specific QFT model of particle mixing describing the phenomena of neutrino oscillations [12, 13] . The neutrino Dirac fields ν e (x) and ν µ (x) are defined through the mixing relations:
where, in standard notation, x stands for the four-vector x ≡ (t, x), and the free fields ν 1 (x) and ν 2 (x) with definite masses m 1 and m 2 . The generator of the mixing transformations is given by:
where (σ, i) = (e, 1), (µ, 2), and the superscript α = 1, . . . , 4 denotes the spinorial component. At finite volume
, preserves the canonical anti-commutation relations, and maps the Hilbert space for free fields H 1,2 to the Hilbert space for mixed fields H e,µ , i.e. G −1
In particular, the flavor vacuum is given by |0(t) e,µ = G −1 θ (t) |0 1,2 at finite V . We denote by |0 e,µ the flavor vacuum at t = 0. The free fields ν i (x) (i = 1, 2) are given by the following expansions
where k is the momentum vector, r = 1, 2 denotes the helicity, α [12, 13] . By use of G θ (t), the flavor fields can be expanded as:
The flavor annihilation operators are defined as α
For simplicity, let us choose the reference frame such that k = (0, 0, |k|), we have
where ǫ r = (−1) r and
The state of an electron neutrino is defined as |ν r k,e ≡ α r † k,e |0 e,µ . In the relativistic limit |k| ≫ √ m 1 m 2 , one gets |U k | 2 −→ 1 and
, and the corresponding (quantum-mechanical) Pontecorvo state is recovered. We now omit the superscript r (by fixing r = 2) and the subscript k, thus restricting the analysis to the flavor neutrino state |ν e of fixed momentum and helicity. In the Hilbert space H 1,2 , the neutrino state at time t can be written in the form:
In the Hilbert space H e,µ , Eq. (23) is rewritten as:
where the time-dependent coefficients are given by:
In the following, for convenience, we introduce the real parameters x = m 2 /m 1 , p = |k|/ √ m 1 m 2 , and τ = (ω 2 − ω 1 )t. Therefore, x represents the ratio between the two masses eigenvalues; p expresses the ratio between the momentum and the masses geometrical mean and corresponds to the relativistic limit for p ≫ 1.
Evidently, the |ν e (t) is a multi-particle entangled state both in the mass eigenstates Hilbert space, i.e. Eq. (23), and in the flavor eigenstates Hilbert space, i.e. Eq. (24) . Analogously with the Pontecorvo states (2) and (8), we assume the neutrino occupation number as reference quantum number. However, with respect to Eqs. (7) and (8), we have still two masses and flavors, but we have a further degree of freedom that is the neutrino species, i.e. particles and anti-particles. Therefore, we obtain multipartite entanglement in a four-qubit state. In the instance of the Hilbert space H 12 , Eq. (23) can be written as: |ν e (t) = e −iω1t cos θ|1000 1212 + e −i(ω2−ω1)t U |0100 1212
where |ijkh 1212 denotes the four-qubit vector |i ν1 |j ν2 |k ν1 |h ν2 with i, j, k, h = 0, 1. On the other hand, in the instance H e,µ , Eq. (24) can be written as:
where |ijkh eµēμ denotes the four-qubit vector |i νe |j νµ |k νe |h νµ with i, j, k, h = 0, 1. Let us analyze the multipartite entanglement possessed by |ν e , i.e. Eq. (27), by using the global entanglement defined by Eqs. (9) and (10): we compute the linear entropies S (a;b,c,d) L associated with the bipartition of a singleparticle subsystem and a three-particle subsystem, and the corresponding average linear entropy S 
Of course, in the quantum mechanical limit, Eqs. (28) and (29) 
Of course, in the quantum mechanical limit, Eqs. , both in the instance of H 12 and H ab , coincide, apart from a constant factor, with the variances associated with the particle number:
Therefore, also in the QFT framework, Eq. Finally, it can be analytically demonstrated the existence of a connection between the balanced bipartite linear entropies and the variances of the neutrino numbers and charges. Indeed, the following relations hold:
[∆(N e − Nμ)]
In particular, in Eq. (46) we have denoted by Q e ≡ N e −Nē the charge operator associated with the electronic flavor. Such an equation clearly refers to the entanglement between flavors independently from the species.
Discussion and Outlook. -In this paper we studied the entanglement associated to neutrino mixing and oscillations in a field-theoretical framework: the nontrivial nature of QFT flavor states [12] gives rise to a complex structure of quantum correlations, due to the presence of particle-antiparticle pairs. This implies that one deals with multi-mode, multi-particle entangled states. Characterizing the entanglement by linear entropies, we obtained exact expressions relating entanglement to experimentally measurable quantities, as the variances of flavor charges. The main observable quantities in particle mixing and flavor oscillations are thus directly related to entanglement and nonclassicality.
The present analysis has been carried out for the case of two generations. We plan to extend the study to the case of three flavors, including CP violation, for which the structure of QFT flavor states becomes considerably more involved [14] . It is also worth to remark that the (exact) results obtained in our paper represent a canonical example of evaluation of entanglement for a relativistic system. In this respect, they could be useful for further studies on relativistic properties of entanglement, e.g. its behavior in connection with Lorentz transformations [25] .
The results of the present analysis, which extend those of ref. [3] in the framework of QM to a fully QFT setting, may be exploited to investigate quantum information protocols based on oscillating neutrinos, to be realized in analogy to the use of mode entanglement of the electromagnetic field, in particular those protocols based on single-photon entanglement. Concerning experimental tests and implementations, entanglement can be in principle experimentally accessed via a transfer scheme from single-neutrino states to two-flavor charged lepton states [3] . Finally, one could devise extensions to singleneutrino systems of the experimental schemes based on single-neutron interferometry that were able to detect Bell nonlocality in single-nucleon systems [26] . * * *
